Abstract. We define the notion of a 2-operad relative to an operad, and prove that the 2-associahedra form a 2-operad relative to the associahedra. Using this structure, we define the notions of an (A∞, 2)-category and (A∞, 2)-algebra in spaces and in chain complexes over a ring. Finally, we show that for any continuous map A → X, we can associate an (A∞, 2)-algebra θ(A → X) in Top, which specializes to θ(pt → X) = Ω 2 X and θ(A → pt) = ΩA × ΩA.
Introduction
The first author recently constructed in [Bo1] a family of abstract polytopes called 2-associahedra, which he realized as stratified topological spaces in [Bo2] . These spaces are intended to play the same role as associahedra do for the definition of an A ∞ -category, but for a new algebraic notion called an (A ∞ , 2)-category. In this paper we show that the 2-associahedra (or their realizations) have an operad-like structure: they form a 2-operad relative to the associahedra. The notion of a relative 2-operad is also new, and is a generalization of Batanin's notion of a 2-operad. One can define a category over a relative 2-operad, and when we specialize to the 2-operad of topologicallyrealized 2-associahedra, we obtain the definition of (A ∞ , 2)-categories in Top. Ultimately, the first author is aiming to build on the ideas presented in [Bo1, Bo2, Bo3, BW, Bo4, MWW] to construct an (A ∞ , 2)-category called Symp whose objects are suitable symplectic manifolds and where hom(M, N ) is Fuk(M − × N ). This paper represents a key step toward this construction.
Recall from [Bo1] that for every r ≥ 1 and n ∈ Z r ≥0 \ {0} there is a 2-associahedron W n , which is an abstract polytope (after adding a formal minimal element) of dimension |n| + r − 3 and, in particular, a poset. In [Bo2] , the first author constructed realizations of the 2-associahedra in terms of witch curves, denoted 2M n ; 2M n is a compact metrizable space stratified by W n . These realizations satisfy the following properties, which inspire our Def. 2.3 of a relative 2-operad:
(forgetful) 2M n is equipped with a forgetful map π : 2M n → M r to the compactified moduli space of disks with r + 1 boundary marked points, which is a continuous and surjective map of stratified spaces. 
These ingredients allow us to state the first main result of this paper:
Definition-Proposition 2.3, paraphrased. The realized 2-associahedra (2M n ), together with the forgetful maps π : 2M n → M r and certain of the structure maps Γ 2T , form a 2-operad relative to the associahedra (M r ). The same statement is true when 2M n resp. M r are replaced by the 2-associahedra W n resp. K r .
Indeed, these properties of the 2-associahedra and their realizations get to the heart of the definition of a relative 2-operad: such a thing consists of an underlying operad together with a collection of objects indexed by r≥1 (Z r ≥0 \ {0}), together with maps of the form π and Γ 2T that satisfy suitable compatibility conditions. (More precisely, we only need structure maps Γ 2T for certain tree-pairs, as described in Def.-Prop. 2.3.)
Next, we define in §3 the notion of a category over a relative 2-operad in a category with finite limits and an R-linear category over a relative 2-operad in Top. The latter definition allow us to make the following definition, which formed the first author's original motivation to formulate and study the 2-associahedra:
Finally, in §4 we produce a family of examples of (A ∞ , 2)-algebras (i.e. ( A ∞ , 2)-categories with one object), where the tilde indicates that we work with a relative 2-operad closely related to (M r ), (2M n ) , which we aim to show is equivalent in future work:
and equip θ(A → X) with maps s, t : θ(A → X) → ΩA that send (u, γ + , γ − ) to γ − resp. γ + . Then the pair θ(A → X)
We close this introduction by mentioning Michael Batanin's theory of m-operads, which is related to the notion of relative 2-operad defined in this paper. In fact, a 2-operad is the same thing as a 2-operad relative to the associative operad Ass. Moreover, in [Ba1] Batanin proposed a collection of spaces (B T ), where T ranges over the 2-ordinals; this collection forms a 2-operad, and the spaces B T seem to be surjective images of the spaces 2M n . An example of this is shown in Fig. 1 . • Symplectic geometers define an (R-linear) A ∞ -category to be a category over the operad of cellular chains on realized associahedra, with respect to the obvious cellular structure. Ultimately, it would be convenient to have an analogous definition of (A ∞ , 2)-categories, as opposed to the definition we give in this paper, which uses singular chains on realized 2-associahedra. It is not currently clear to the authors how to accomplish this, because the forgetful maps from products of 2-associahedra to associahedra are not cellular. In future work we aim to address this issue.
• It would be very interesting to understand the connection between the 2-associahedral relative 2-operad and the little 2-disks operad E 2 . Once this is accomplished, we hope that finding such a connection would shed light on what happens when one restricts an (A ∞ , 2)-category to a single object with the identity 1-morphism. One might speculate that such a restriction would have the structure of a homotopy Gerstenhaber algebra.
• Categories over the A ∞ -operad are exactly A ∞ -categories in the sense of [Ma] . There is a homotopy theory for such catgegories and there is a natural nerve functor of ∞-categories from A ∞ -categories to the (∞, 1)-category Cat ∞ . We expect a similar picture in the case of (A ∞ , 2)-categories: namely, that they can be organized to form an ∞-category using a model structure on them, and that there is a functor to the (∞, 1)-category of (∞, 2)-categories. Then, one could consider the 2-associahedra as encoding higher coherences in certain (∞, 2)-categories in an economic way.
1.2. Acknowledgments. Kevin Costello suggested that the definition of an (A ∞ , 2)-category does not have to be based on a cellular model of C * (2M n ), which helped the first author arrive at the relative 2-operadic structure of the 2-associahedra. Paul Seidel suggested that the author think about Rmk. 1.2.1 in [EL] , which led to Prop. 
Relative 2-operads
In this section we define the notion of a relative 2-operad. Before doing so, we set notation by recalling the definition of an operad. Next, we show that the 2-associahedra W n form a 2-operad of posets relative to the associahedra, and that the same statement is true for the topological realizations in the category of spaces.
From now on, Y i X i will denote the fiber product of a collection of objects (X i ) in a category C with respect to morphisms X i → Y .
Definition 2.1 (Def. 1.4, [MSS] ). A non-Σ operad in a symmetric monoidal category (C, ⊗, 1) is a collection (P r ) r≥1 ⊂ C together with a family of structure morphisms
satisfying the following axioms:
(associative) The following diagram commutes:
(unit) There is a unit map η : 1 → P 1 such that the compositions
are the iterated right resp. left unit morphism in C.
Definition-Proposition 2.2. For any r ≥ 1 and s ∈ Z r ≥1 , define T r,(s i ) to be the following element of K tree
by setting γ r,(s i ) := γ T r,(s i ) , where the latter map was defined in Def.-Lem. 2.14, [Bo1] . Then (K r ) r≥1 with these composition maps forms a non-Σ operad in the category of posets. Similarly, (M r ) r is a non-Σ operad in Top.
Proof. To prove that the operations γ r,(
into a non-Σ operad, we must verify (associative) and (unit). (unit) is an immediate consequence of the definitions of γ 1,(s) and γ r,(1,...,1) . (associative) follows from a diagram chase:
Definition 2.3. A non-Σ relative 2-operad in a category C with finite limits is a pair
where (P r ) r≥1 is a non-Σ operad in C with structure morphisms γ r,(s i ) , and where (Q m ) ⊂ C is a collection of objects together with a family of structure morphisms
which satisfy the following axioms.
(projections) (P r ), (Q m ) is equipped with projection morphisms
such that the following diagram commutes:
.., a n a r π a n a 1 ,..., a n a r
where the fiber products are with respect to the projection morphisms described in (projections).
(unit) If 1 denotes the final object of C, then there is a "unit map" κ : 1 → Q 1 such that the compositions
are identified with the identity morphism via the canonical isomorphism Q n × 1 |m| ∼ = Q n .
Definition-Proposition 2.4. For any r, s 1 , . . . , s r ≥ 1, m ∈ Z r ≥0 \ {0}, and n 1 i , . . . , n
≥0 , define 2T m,(n a i ) to be the following tree-pair in W a n a 1 ,..., a n a 
, where the latter map was defined in Def.-Lem. 4.3, [Bo1] . Then (K r ), (W n ) with these composition maps forms a relative 2-operad in the category of posets Similarly, (M r ), (2M n ) is a relative 2-operad in Top.
Proof. (unit) holds trivially, and (associative) holds by a diagram chase similar to the one conducted in the proof of Def. Prop. 2.2 above. (projections) is equivalent to the observation that for any tree-pair 2T = (T b → T s ), Γ 2T and γ Ts are intertwined by the projections.
Categories over relative 2-operads
We shall now define the notion of a category over a relative 2-operad. We note that there are other approaches to operadic higher category theory, see e.g. as in [Ba2, Ch] ; the approach we describe here is suited to the first author's ongoing project to construct the symplectic (A ∞ , 2)-category, as described in §1.
Recall the well-known (see e.g. [Ma, Def. 4 ]) notion of a category over an operad:
Definition 3.1. Let O = (P r ) r≥1 be an operad in a category C with products, considered as a symmetric monoidal category using the Cartesian symmetric monoidal structure. Recall that a (nonunital) category over O consists of a set of objects Ob and, for every x, y ∈ Ob, a morphism object Mor(x, y) ∈ C, together with source and target maps s, t : Mor → Ob. The pair (Ob, Mor) is equipped with higher composition maps of the form
which are associative in the sense that the following diagram commutes for every choice of (a) a sequence of objects x 0 , . . . , x r ∈ Ob and (b) further sequences y i 0 = x i−1 , y i 1 , . . . , y i s i = x i for every i:
Mor(
To adapt this to the notion of a 2-category over a relative 2-operad 2O, we just mimic this construction and add 2-morphisms to the story. Definition 3.2. Let 2O = (P r ) r≥1 , (Q m ) m∈Z r ≥0 \{0} be a relative 2-operad in a category C with finite limits. A (non-unital) category over 2O consists of the following data:
• A set of objects Ob.
• For each x, y ∈ Ob, an object Mor(x, y) ∈ C, which we think of as morphisms from x to y.
• For each x, y ∈ Ob, an object 2 Mor(x, y) ∈ C, which we think of as 2-morphisms over x, y.
• Source and target morphisms s, t : 2 Mor(x, y) → Mor(x, y).
• Composition laws: for each x 0 , . . . , x r ∈ Ob a morphism c r :
Mor(x j−1 , x j ) → Mor(x 0 , x r ). (14)
• 2-composition laws: For each x 0 , . . . , x r ∈ Ob and each m ∈ Z r ≥0 \ {0}, a morphism
where 2 Mor(x j−1 , x j ) × Mor(x j−1 ,x j ) m j (slightly abusively) denotes the fiber product
We require these data to satisfy the following conditions:
• The data (Ob, Mor, c r ) is a category over (P r ) r≥1 .
• The 2-composition must be associative, in the sense that the following diagram must commute, for every choice of (a) a sequence of objects x 0 , . . . , x r ∈ Ob and (b) further sequences
The asterisk appearing above the product sign on the left indicates that we are taking an appropriate fiber product so that the image under (2c
• The composition of 2-morphisms and that of 1-morphisms must be compatible in the following sense. Let s n , t n : 2 Mor(x, y) × Mor(x,y) n → Mor(x, y) denote the compositions
where proj j is the projection to the j-th coordinate. Then we require the following diagram to commute:
This general definition specializes in the case of the 2-associahedral relative 2-operad to give the notion of an (A ∞ , 2)-category over C. Definition 3.3. An (A ∞ , 2)-category is a category over the topological relative 2-operad (M r ), (2M n ) .
We would like to adapt this definition to the case where the 1-morphisms are discrete and the 2-morphisms are chain complexes over a ring, since this is the situation in the hypothetical (A ∞ , 2)-category Symp. In this case, the data (Ob, Mor) form a classical 1-category, and we can rephrase the definition using only the Q m 's. (Q m ) is a collection of spaces, and we can form the singular chain complex C * (Q m , R) for any ring R. The collection C * (Q m , R) is not a relative 2-operad in chain complexes, as the functor C * (−, R) is not limit preserving. However, we can still define categories over it, as demonstrated in the following definition. We will use suggestive notation for the 1-morphisms, which recalls the symplectic (A ∞ , 2)-category.
Definition 3.4. Let R be a ring. An R-linear category over a relative 2-operad (P r ), (Q n ) in Top consists of:
• A category (Ob, Mor, s, t).
• For each pair of morphisms L, K : M → N , a Z-graded complex of free R-modules 2 Mor(L, K).
• Composition maps: for each r ≥ 1 and m ∈ Z r ≥0 \{0}, for each sequence of objects M 0 , . . . , M r ∈ Ob, and for each collection of sequences
where C * (Q m ) denotes the complex of singular chains in Q m with coefficients in R.
We require the composition maps to satisfy an associativity condition, expressed by the commutativity of the following diagram for every choice of (a) a sequence of objects M 0 , . . . , M r ∈ Ob, (b) further sequences
Remark 3.5. Note that, in the middle vertical map we implicitly use the swap maps of the tensor product of free modules. We also use the natural, strictly associative map
which is the composition of the map induced from the inclusion X × Z Y → X × Y and the Künneth isomorphism on the chain level.
We finally come to the definition that is one of the main contributions of this paper:
Definition 3.6. An R-linear (A ∞ , 2)-category is an R-linear category over the relative 2-operad (M r ), (2M n ) .
Having all these definitions and flavors of 2-categories over relative 2-operads, we can of course define algebras over a relative 2-operad. These are just categories with a single object.
Definition 3.7. Let 2O = P r , Q m be a relative 2-operad.
(1) An algebra over 2O is a category over O with a single object.
(2) An R-linear algebra over 2O is an R-linear category over 2O with a single object.
Little cubes in little strips
In this section we introduce another relative 2-operad, which we expect to be equivalent to 2M n . We intend to expand on this relation in future work. This relative 2-operad is denoted (2Cube n ), and each 2Cube n is a configuration space of |n| disjoint rectangles inside a bounding square. 2Cube n is a subspace of the |n|-th space in the little 2-cubes operad, obtained by requiring certain of the rectangles to be horizontally aligned. After defining 2Cube n , we define an (A ∞ , 2)-category to be a 2-category over 2Cube n . Finally, we prove Prop. 4.4, which asserts that from a map A → X of pointed spaces we can construct a (A ∞ , 2)-space θ(A → X).
First, we recall the definition of the little intervals operad Cube r .
Definition 4.1. For any r ≥ 1, define Cube r to be the space of increasing linear embeddings of r copies of [0, 1] into [0, 1], such that:
• The r images are disjoint.
• For any i < j, the image of the i-th interval is to the left of the image of the j-th.
Cube r r≥1 forms an operad, where the composition maps are defined by rescaling and inserting configurations as in Fig. 2 .
Cube 2 Cube 3 Cube 5 → × × Figure 2 . Here we illustrate the composition map γ 2,(2,3) of Cube r . It acts by linearly shrinking the second and third configurations and using them to replace the two intervals in the first configuration.
We can now define 2Cube n , which forms a 2-operad relative to Cube r .
Definition 4.2. For any r ≥ 1 and n ∈ Z r ≥0 \ {0}, define 2Cube n to be the space of pairs (2C, C), where C is a configuration in Cube r and where 2C is a collection of linear embeddings of |n| copies of [0, 1] 2 into [0, 1] 2 satisfying the following properties:
• Each embedding is of the form (x, y) → (ax + c, by + d) with a, b > 0.
• The |n| images are disjoint.
• Reindex the embeddings by referring to the (n 1 + · · · + n i−1 + j)-th embedding as the (i, j)-th embedding. Then we require that for any i, j, the postcomposition of the (i, j)-th embedding with the projection pr 1 : R 2 → R is equal to the i-th embedding in C.
• For any i and j < j , the image of the (i, j)-th embedding lies below the image of the (i, j )-th.
2Cube n is a 2-operad relative to Cube r , with composition maps defined by rescaling and inserting configurations as in Fig. 3 and with projection 2Cube n → Cube r given by sending (2C, C) to C.
We denote an element (2C, C) of 2Cube n by a square above a horizontal interval, as shown below in Fig. 3 . The interval is decorated by subintervals, which indicate the images of the embeddings in C. The preimages of the intervals under the first projection pr 1 : R 2 → R are shown as subrectangles of height 1 in the square. The images of the embeddings in 2C are denoted by subrectangles of the square of height less than 1. of 2Cube n . It acts on the underlying configurations of intervals by γ 2,(2,3) , and on the configurations of rectangles by linearly shrinking the second and third configurations and using them to replace the two blue rectangles in the first configuration.
We now define the notion of an (A ∞ , 2)-space and prove Prop. 4.4. 
and equip θ(A → X) with maps s, t : θ(A → X) → ΩA that send (u, γ + , γ − ) to γ − resp. γ + . Then the pair θ(A → X) s,t ⇒ ΩA is an (A ∞ , 2)-algebra.
Proof. To equip θ(A → X) with the structure of an (A ∞ , 2)-space, we must define composition maps as in (22) and verify that they satisfy the appropriate coherences. We do so as follows. For 2Y = θ(A f → X), we define the map
like so:
• Picture the configuration in 2Cube n as the unit square with height-1 green rectangles that contain blue subrectangles, as on the left of Fig. 4 .
• For every green strip, we are given a choice of a loop in A, and for each blue rectangle, we are given a choice of a triple (u, γ + , γ − ) as in (23). We think of it the latter a map from the considered blue rectangle to X and two maps from the upper and lower edges to A, compatible in the obvious sense.
• The fiber product exactly allows us to define a map from the unit square to X, as on the right in (23). Associativity is clear from the picture. 
